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Table 3 Results of 3rd- and 5th-order inner solutions
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T"(0) r-(o) T(oo)

0.05
0.1
0.2
0.3
0.4
0.5
0.6
0.8
0.9
0.95
1.00

7.831799
3.342832
1.220751
0.607804
0.359899
0.247636
0.183200
0.129017
0.081274
0.046084
0.0

-1.129489
-0.892131
-0.623236
-0.506658
-0.461224
-0.441216
-0.418365
-0.295316
-0.172902
-0.093121
0.0

24.400880
9.021522
2.538928
0.971029
0.421722
0.197424
0.090825
0.027121
0.119886
0.005844
0.0

626.100
30.8200
6.94458
2.18406
0.824847
0.335752

-37.035363
-8.995353
-3.007645
-1.150627
-0.476491
-0.209822

877.868950
25.521129
3.802077
0.779787
0.165406

-0.025134

In addition, the inner and outer solutions must match at rj — 0
or a = oo (outer boundary-layer limit) and the exponential decay
of vorticity as a -> oo must be met. These two conditions are
given in Table 1.

Equation (1) can be reduced to an ordinary differential
equation for solution via the Runge-Kutta Scheme if *¥t take
special forms. These forms are

where g, h, V, and T are parameters to be calculated. The
resulting ordinary differential equation and boundary conditions
are given in Table 2.

In particular, g and V, which are governed by homogeneous
equations and boundary conditions, were found to be zero. T, h,
T', hr are zero at a = 0, T, h' and higher derivatives must vanish
exponentially as o -» oo. Values of the initial conditions including
/i(oo) and T(oo) are given in Table 3.

The skin friction and pressure made dimensionless by \ pU(X)2

can be shown to be given by, respectively,
Cf = 2/"(0)/feJRx

1/2 + 2/i/'(0)/63R^3/

and
Cp = - h"'(0)/40b2Rx -

where Rx = [U(X)X/v~\ is based on local velocity at X. The
dimensionless pressure does not include the inviscid pressure.

Conclusion
The results obtained here are not valid around the leading

edge. The numerical solution of the Navier-Stokes equation
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which includes the leading edge has been found.11 The skin-
friction coefficient curves shown in Fig. 2 have been terminated
as Rx -+ 0. These curves approach the classical boundary-layer
values as Rx-+ oo.
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Contribution of a Wall Shear Stress
to the Magnus Effect on Nose Shapes

IRA D. JACOBSON*
University of Virginia, Charlottesville, Va.

IN recent years, several authors have calculated the Magnus
effect on bodies of differing shapes1 ~3 with either fully laminar

or fully turbulent boundary layers. These analyses suggest that

Fig. 2 Variations of Rx
1/2Cf with Rx for the asymptotic solutions.
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Fig. 1 Asymmetric boundary-layer transition.

the contribution of shear stress to the Magnus effect is small.
The purpose of this Note is to illustrate that this effect may, in
fact, not be small on nose shapes with mixed boundary layers
(both laminar and turbulent) as is found in most experimental
and flight conditions.4 This case differs from the usual treatment
of a fully laminar or fully turbulent flow where the resultant side
force due to shear is a consequence of perturbations in the
velocity field induced by angle of attack and spin. This causes an
asymmetric distribution of the wall shear stress given by
TX = n(du/dy)\w for the axial component and T^ = n(dw/dy)\w for
the azimuthal component. Thus the changes in ix and T^ over
the surface of the body are at most small since they involve only
small perturbations in the velocity field. On the other hand, for
the case of a mixed boundary layer (Fig. 1), the differences in
shear stress over the surface of the body are due not only to
perturbations in the velocity field, but to the gross change in
velocity slope at the wall for laminar vs turbulent flows. It is this
case where the shear stress can make a significant contribution
to the side force.

To illustrate this, consider the example of a 10° cone (the
approach would be similar for other shapes as well). The side
force due to axial shear can be written

Fy = Js Cf qjsin2 6 sin 0 d<t> dl (1)
where Cf is the axial skin-friction coefficient, q^ the dynamic
pressure, 9 the cone half-angle, </> the azimuthal angle, and / the
distance along the surface of the cone. For incompressible flow,
the skin-friction coefficients were calculated3 using

/lam (F^L/v)1/2

for laminar flow, and estimated5 for turbulent flow as
0.036

,W7

(2)

(3)

For the worst case, i.e., when the flow is completely laminar on
one side of the body (port) and completely turbulent on the other
(starboard), integration of Eq. (1) using Eqs. (2) and (3) yields a
side force coefficient given by

Cy = Fy/qaDS = + [0.0123/(ReL)1/7] - [O-WAlteJ1/2] (4)
which has the value 0.0012 for ReL = 1 x 106 and 0.0011 for
ReL = 1 x 107.

This can be compared to a side force due to displacement
thickness for the fully laminar case of - 3 x 10~2*a*(coR/K00) for
ReL = 1 x 106 and -9.8 x W~3*a*(o>R/VJ for ReL = 1 x 107.
For the mixed boundary-layer case, these will be slightly
larger.4 For small angles of attack and spin ratios [e.g., a = 0(0.1),
coR/V^ = 0(0.1)], it can be seen that the shear contribution due
to the mixed boundary layers can be as much as an order of
magnitude greater than the displacement thickness contribution,
and in the opposite direction.! Using a compressibility correction
factor for the skin-friction coefficients1 alters these slightly as
shown in Table 1 for a Reynolds number of 5 x 106.

An even more important effect than this difference in side force
is the moment generated by the shear stress. For the case of a
cone, the moment center is the apex— which gives the largest
possible moment arm. If the cone is the nose shape used on a
larger configuration, it is reasonable to assume that an asym-

Table 1 Effect of Mach number on side force due to axial shear
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Fig. 2 Profile of boundary-layer transition on a 10° half-angle cone.

t It is important to recognize that this is at best an estimate since the Mangier transformations and compressibility corrections used do not
apply in turbulent regions, and the velocity profile for turbulent flow on a spinning body at angle of attack is not known.
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Table 2 Comparison of contributions to Magnus side force coefficient

Cy (pressure dist.)6 Cy (axial shear) Cy (measured)6

Case I
Case II

-0.0023
-0.0016

0.0006
0.0005

-0.0002
-0.0008

metric transition pattern on the nose will contribute significantly
to the Magnus moment.

To estimate the significance of this effect for an actual 10° half-
angle cone, the contribution due to the pressure field (displace-
ment effect) and axial shear stress are compared using data from
Ref. 6. The magnitudes of the calculated terms are shown in
Table 2 for two cases: Case I—Mach number = 2, a = 2,
ReL = 5.9 x 106, coR/V^ = 0.24; and Case II^Mach number = 3,
a = 2, ReL = 4.8 x 106, coR/V^ = 0.19, along with the measured
value of the side force coefficient. The measured transition profiles
are shown in Fig. 2.

It can be seen here that the shear contribution is a sig-
nificant portion of the total and corrects the force in the proper
direction for comparison with the measured data but appears to
be too small for both cases, especially for Case I. Considering
the data uncertainties and the assumptions involved in the shear
force calculation, the trend is encouraging.

Thus, it has been shown that the shear contribution to the
Magnus force and moment can be significant on nose shapes
where a mixed asymmetric boundary layer exists, and a method
of estimation indicated.
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Calculation of Low Reynolds Number
Flow past a Square Protuberance
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Introduction

THE qualitative features of the flowfield downstream of two-
dimensional roughness elements immersed in a laminar flat

plate boundary layer are well known. Such protuberances are
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employed in many wind-tunnel experiments to promote transi-
tion and assure turbulent boundary-layer characteristics on
models. Sedney1 has described the effects of two- and three-
dimensional protuberances on boundary-layer flows. In the two-
dimensional case at low speeds, transition generally occurs
downstream of the reattachment point if the protuberance height
k is considerably less than the undisturbed boundary-layer
thickness d.

This Note describes numerical solutions of the steady-state
Navier-Stokes equations for the flowfield near a square two-
dimensional protuberance immersed in a plane Couette flow.
We expect some of the qualitative features of the separation
phenomena induced by the protuberance in the Couette flow
to be similar to those found in the flat plate boundary-layer
case. Numerical results have been obtained for Reynolds
numbers, Re, between 1 and 200 based on plate velocity and
protuberance height.

Description of Numerical Calculations
The steady-state Navier-Stokes equations for incompressible

flow can be expressed in rectangular coordinates in terms of the
vorticity transport equation

•dx \Jdy dx2 Ti =0dy (D

(2)
and a Poisson equation

(d2\l//dx2)+(d2\l//dy2)+£ = 0
where vorticity f is defined by

£ = (dv/dx)-(du/dy) (3)
and stream function \l/ is defined to satisfy the continuity
equation

u = d\l//dy and v = — d\j//dx (4)
Numerical solutions of Eqs. (1) and (2) have been obtained
using a Gauss-Seidel iteration procedure. The solution technique
is based on a method developed by Gosman et al.2 using an
upwind difference scheme to approximate the convective terms.

Figure 1 shows a schematic of the computational region and
boundary conditions employed in the numerical calculations.
Plate EF moves at constant speed U0 above the stationary
plate and protuberance ABCD. Vorticity boundary conditions
along the stationary or moving walls are obtained by a Taylor
series expansion of the stream function in terms of the mesh
spacing normal to the wall (A?/), where \l/w represents the stream
function along the wall and ^w+1, the value at the grid point
adjacent to the wall. Results shown in this Note are based on a
second-order accurate equation for the wall vorticity

(5)

which is valid for a stationary wall when U0 is set equal to zero.
Calculations were also performed using a first-order accurate
equation for wall vorticity with little difference in the results.

Two different grid mesh configurations were used in the
calculations. The grid consisted of a 6x11 cell protuberance
immersed in a 51 x 21 cell flowfield for Re ^ 50, with a larger
81 x 21 cell flowfield used for Re ^ 100. The upstream boundary.
AE, was located at approximately X = - 8 for all Re, where

X = (x-xk)/k (6)

Eqn.(5)

"
</>=( ) ,£ from Eqn.(5)with U0 =0

Fig. 1 Schematic of computational region and boundary conditions.


